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Energy shaping is the essence of passivity based 
control (PBC), a controller design technique that 
is very well-known in mechanical systems. Our ob- 
jectives in this article are threefold: First, to call 
attention to the fact that PBC does not rely on 
some particular structural properties of mechanical 
systems, but hinges on the more fundamental (and 
universal) property of energy balancing. Second, 
to identify the physical obstacles that hamper the 
use of “standard” PBC in applications other than 
mechanical systems. In particular, we will show 
that “standard” PBC is stymied by the presence 
of unbounded energy dissipation, hence it is ap- 
plicable only to systems that are stabilizable with 
passive controllers. Third, to revisit a PBC theory 
that has been recently developed to overcome the 
dissipation obstacle, as well as to make the incorpo- 
ration of process prior knowledge more systematic. 
These two important features allow us to design en- 
ergy based controllers for a wide range of physical 
systems. 
1 Introduction 
The purpose of this article is to call the attention 
to the importance of incorporating energy princi- 
ples in control. To achieve our objective, we pro- 
pose to abandon the signal processing perspective 
of control and instead adopt the behavioral frame- 
work proposed by Willems [l]. In Willems’s far- 
reaching interpretation of control, we start from 
a mathematical model obtained from first princi- 
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ples, say, a set of higher order differential equations 
and some algebraic equations. Among the vector 
of time trajectories satisfying these equations are 
components that are available for interconnection. 
The controller design then reduces to defining an 
additional set of equations for these interconnection 
variables to impose a desired behavior on the con- 
trolled system. We are interested here in the incor- 
poration into this paradigm of the essential energy 
component. Therefore, we view dynamical systems 
(plant and controller) as energy-transformation de- 
vices, which we interconnect (in a power-preserving 
manner) to achieve the desired behavior. 
2 Passivity and Energy Shaping 
We are interested here in lumped-parameter sys- 
tems interconnected to the external environment 
through some port power variables U E Rm and 
y E R”, which are conjugated in the sense that 
their product has units of power (e.g., currents and 
voltages in electrical circuits, or forces and veloci- 
ties in mechanical systems). We assume the system 
satisfies the energy-balance equation 
H[z(t)] - H[z(O) )  = / t  uT(s )y (s )ds  - d ( t )  
‘cl---cc--I v 
stored energy dissipaled 
supplied 
(1) 
where 2 E Rn is the state vector, H ( z )  is the total 
energy function, and d ( t )  is a nonnegative function 
that captures the dissipation effects (e.g., due to 
resistances and frictions). Energy balancing is, of 
course, a universal property of physical systems; 
therefore, our class, which is nothing other than 
the well-known passive systems, captures a very 
broad range of applications that include nonlinear 
and time-varying dynamics. 
Two important corollaries follow from (1) 
0 The energy of the uncontrolled system (i.e., with 
U E 0) is nonincreasing, and it will actually de- 
crease in the presence of dissipation. If the en- 
ergy function is bounded from below, the system 
will eventually stop at a point of minimum energy. 
Also, as expected, the rate of convergence of the 
energy function is increased if we extract energy 
from the system, for instance, setting U = -Kdiy ,  
with Kdi = KL > 0 a so-called damping injection 
gain. 
Given that 
- p ( s ) Y ( s ) d s  5 H[z(O)l < 00 (2) 
the total amount of energy that can be extracted 
from a passive system is bounded. 
The point where the open-loop energy is minimal 
(which typically coincides with the zero state) is 
usually not the one of practical interest, and control 
is introduced to operate the system around some 
nonzero equilibrium point, say z*. In the standard 
formulation of PBC, we label the port variables as 
inputs and outputs (say U and y ,  respectively) and 
pose the stabilization problem in a classical way [6]. 
e Select a control action U = p(z)  + v so that 
the closed-loop dynamics satisfies the new energy 
balancing equation 
where Hd(x) , the desired total energy function, has 
a strict minimum at Z* , z (which may be equal to y) 
is the new passive output, and we have replaced the 
natural dissipation term by some function dd(t) 2 0 
to increase the convergence rate. 
Later, we will show that this classical distinc- 
tion between inputs and outputs is restrictive, 
and the “control-as-interconnection” perspective 
of Willems is needed to cover a wider range of ap- 
plications. 
3 Stabilization via Energy Balancing 
There is a class of systems, which interestingly 
enough includes mechanical systems, for which the 
solution to the problem posed above is very simple, 
and it reduces to being able to find a function ,!3(x) 
such that the energy supplied by the controller can 
be expressed as a function of the state. Indeed, 
from (1) we see that if we can find a function P(z) 
such that 
for some function H,(z),  then the control U = 
P(z) + v will ensure that the map 2r r-) y is pas- 
sive with new energy function 
Hd(5)  fi H ( Z )  + H,(Z). (4) 
If, furthermore, Hd(Z) has a minimum at the de- 
sired equilibrium z t ,  then it will be stable. Notice 
that the closed-loop energy is equal to  the differ- 
ence between the stored and the supplied energies. 
Therefore, we refer to this particular class of PBCs 
as energy balancing PBCs. 
Energy-balancing stabilization can, in principle, be 
applied to  general (f, g ,  h)  nonlinear passive sys- 
tems of the form 
x = f(z) +@)U 
E:{ y = h(Z). (5 )  
From the celebrated nonlinear version of the 
Kalman-Yakubovich-Popov lemma [7], we know 
that for this class of systems, passivity is equiva- 
lent to the existence of a nonnegative scalar func- 
tion H ( z )  such that 
We have the following simple proposition. 
Proposition 1. Consider the passive system ( 5 )  
with storage function H ( z )  and an admissible equi- 
librium xt. If we can find vector function p ( ~ )  such 
that the partial differential equation 
can be solved for H a ( z ) ,  and the function H ~ ( z )  de- 
fined as (4) has aminimum at z*, then U = p(z)+v 
is an energy balancing PBC. Consequently, setting 
v = 0, we have that zt is a stable equilibrium 
with Lyapunov function the difference between the 
000 
The proof follows immediately, noting that the left- 
hand side of (6) equals & while the right-hand side 
is -yTu, and then integrating from 0 to t .  
stored and the supplied energies. 
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4 Dissipation Obstacle the form 
x 2 d H a  2 1  R x ~  aHa 2 2  
L a x ,  L 8x2 --- [E+--  P(x)l-- = -,/W. To investigate the conditions under which the PDE (6) is solvable we note that a necessary condi- 
tion for the global solvability of the PDE (6) is 
that h T ( x ) p ( x )  vanishes at all the zeros of f ( x )  + 
g ( x ) p ( x ) .  Now f ( x )  + g ( x ) P ( x )  is obviously zero 
at the equilibrium x*, hence the right-hand side 
-yTu,  which is the power extracted from the con- 
troller, should also be zero at the equilibrium. 
This means that energy balancing PBC is appli- 
cable only if the energy dissipated by the system 
is bounded, and consequently if it can be stabi- 
lized extracting a finite amount of energy from the 
controller. This is indeed the case in regulation 
of mechanical systems where the extracted power 
is the product of force and velocity and we want 
to drive the velocity to zero. Unfortunately, it is 
no longer the case for most electrical or electrome- 
chanical systems where power involves the prod- 
uct of voltages and currents and the latter may be 
nonzero for nonzero equilibria. 
Let us illustrate this point with simple linear time- 
invariant RLC circuits. First, we prove that the se- 
ries RLC circuit is stabilizable with an energy bal- 
ancing PBC. Then we move the resistance to a par- 
allel connection and show that, since for this circuit 
the power at any nonzero equilibrium is nonzero, 
energy balancing stabilization is no longer possible. 
Finite Dissipation Example 
Consider a series RLC circuit, where the port power 
variables are the input voltage and the current. 
The “natural” state variables for this circuit are the 
charge in the capacitor and the Aux in the induc- 




H ( x )  = -x; + -x;. (7) 
The dynamic equations are given by 
81 = t x 2  
x2 = - $ x l - ~ x 2 + u  R . (8) 
1 
E :  { 
Y = E X 2  
The circuit clearly satisfies (1) with d ( t )  = 
R J ~ [ $ x ~ ( s ) ] ~ ~ . s  (i.e., the energy dissipated in the 
resistor). . 
We are given an equilibrium x* that we want to 
stabilize. It is clear from (8) that the admissible 
equilibria are of the form x* = [ x l * ,  OIT. It is im- 
portant to  note that the extracted power at any 
admissible equilibrium is zero. 
To design our energy balancing PBC, we look for 
a solution of the PDE (6), which in this case takes 
Notice that the energy function H ( x )  already “has 
a minimum” at x2 = 0; thus we only have to 
“shape” the x1 component, so we look for a func- 
tion of the form Ha = H a ( x l ) .  In this case, the 
PDE reduces to 
which, for any given H a ( q ) ,  defines the control law 
as U = P(x1) .  To shape the energy Hd(x) ,  we add 
a quadratic term and complete the squares (in the 
increments x - 2,)  by proposing 
[The particular notation for the gain & will be 
clarified in the next section.] Replacing in (4), 
yields 
which has a minimum at x* for all gains Ca > -C. 
Summarizing, the control law 
with Ca > -C is an energy balancing PBC that 
stabilizes x* with a Lyapunov function equal to the 
difference between the stored and the supplied en- 
ergy. Finally, it is easy to verify that the energy 
supplied by the controller is finite. 
Infinite Dissipation Example 
Even though in the previous example we could find 
a very simple energy balancing solution to our sta- 
bilization problem, it is easy to find systems that 
are not stabilizable with energy balancing PBCs. 
For instance, consider a parallel RLC circuit. With 
the same definitions as before, the dynamic equa- 
tions are now 
f l  = -1 p 1  + +x2 
f 2  = - c x 1 + u  (11) 
1 
E :  { 
Y = p 2  
Notice that only the dissipation structure has 
changed, but the admissible equilibria are now of 
the form x* = [Cue, $U*]’ for any U * .  The prob- 
lem is that the power at any equilibrium except the 
trivial one is nonzero, and consequently any stabi- 
lizing controller will yield limt+m 1 J, u ( s ) y ( s ) d s )  = 
00 (we will eventually run out of battery!). 
t 
123 
5 .Overcoming the Dissipation Obstacle 
To extend PBC to systems with infinite dissipation, 
we introduce three key modifications. First, since 
these systems cannot be stabilized by extracting 
a finite amount of energy from the controller, we 
consider the latter to be an (infinite energy) source; 
that is, a scalar system 
with energy function 
Second, we incorporate more structure into the 
system dynamics, in particular, making explicit 
the damping terms and the dependence on the 
energy function. Toward this end, we consider 
port-controlled Hamiltonian models that encom- 
pass a very large class of physical nonlinear sys- 
tems. These models are of the form 
[Jb) - , p l % ( x )  + g(x>u 
: { ; 1 g T ( x ) x ( x )  
(14) 
where H ( x )  is the energy function, J ( z )  = - J T ( x )  
captures the interconnection structure, and R(x) = 
R T ( x )  2 0 is the dissipation matrix. Clearly these 
systems satisfy the energy balancing equation (1). 
Third, the classical unitary feedback interconnec- 
tion (through the power port variables) imposes 
some very strict constraints on the plant and con- 
troller structures as shown in [5]. To provide more 
design flexibility, we propose to incorporate state 
information, which is done by coupling the source 
system with the plant via a state-modulated inter- 
connection of the form 
This interconnection is clearly power preserving. 
The overall interconnected system (12), (13), (14), 
(15) can be written as 
which is still a port-controlled Hamiltonian system 
with total energy H ( x )  + H,(C). It is important to 
note that the x dynamics above describes the be- 
havior of the system (14) with a static state feed- 
back U = /3(x); hence our choice of the symbol p 
for the state-modulation function. 
Energy of the x subsystem can be shaped and the 
port-controlled Hamiltonian structure preserved as 
follows. If (for the given J ( x ) , R ( x )  and g ( x ) )  we 
can solve the PDE 
[ J ( x )  - Rb)l ( x )  = g ( x ) P ( x )  (17) 
for some P(z), then the plant dynamics will be 
given by 
with energy function Hd(x)  = H ( x )  + H a ( x ) .  If 
we can furthermore ensure that Hd(z )  has a min- 
imum at the desired equilibrium, then the static 
state feedback control U = P(x)  will stabilize this 
point. Notice that there is no “finite dissipation’’ 
constraint for the solvability of (17); hence the new 
PBC design is, in principle, applicable to systems 
with infinite dissipation. 
Parallel RLC circuit example 
Before presenting the main result of this section, 
which is a systematic procedure for PBC of port- 
controlled Hamiltonian systems, let us illustrate 
the new energy shaping method with the parallel 
RLC circuit example. The dynamics of this circuit 
(11) can be written in port-controlled Hamiltonian 
form (14) with energy function (7) and the matrices 
The PDE (17) becomes 
The first equation can be trivially solved m 
H ~ ( z )  = 9 ( R ~ l  + 2 2 )  
where a(-) : R + R is an arbitrary differentiable 
function, whereas the second equation defines the 
control law. We now need to choose the function 9 
so that H d ( z )  has a minimum at the desired equi- 
librium point x+ = (Cu*, ku.) .  For simplicity, we 
choose it to be a quadratic function 
KP 9 = T [ ( R ” 1 + 2 2 )  - (Rxl*+s2*)]2-Ru*(Rx1 +x2)  
which, as can be easily verified, ensures the desired 
energy shaping for all 
-1 
Kp’ ( L + C R 2 ) .  
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The assigned energy function, as expected, is 
quadratic in the increments 
Clearly, (19) is the necessary and sufficient condi- 
tion for x* to be a unique global minimum of this 
function. The resulting control law is a simple lin- 
ear state feedback 
6 Assigning Interconnection and Damping 
Structures 
In the previous subsections, we have shown that 
the success of our PBC design essentially hinges 
on our ability to solve the PDE (17). It is well 
known that solving PDEs is not easy. It is our con- 
tention that, for the particular PDE that we have to 
solve here, it is possible to  incorporate prior knowl- 
edge about the system to simplify the task. More 
specifically, for port-controlled Hamiltonian mod- 
els, besides the control law, we have the additional 
degrees of freedom of selecting the interconnection 
and damping structures of the closed-loop. Indeed, 
our energy shaping objective is not modified if, in- 
stead of (18), we aim at the closed-loop dynamics 
(20) 
aHd 
j. = [ J d ( % )  - Rd(413--(") 
for some new interconnection Jd(z )  = -J,'(z) and 
damping Rd(z) = 'R.J(z) 2 0 matrices. For this 
so-called interconnection and damping assignment 
PBC the PDE (17) becomes 
aHa [J ( z )  + Ja (z) - W z )  - R a  (.)I (z) = (21) 
d H  
- [ J a ( z >  - Ra(z)l,,(z) + g ( 2 > P ( z )  (22) 
where 
A A 
Ja(z) = J d ( z )  - J ( z ) ,  Ra(z) = Rd(2) - R(2) 
are new design parameters that add more degrees 
of freedom to  the solution of the PDE. 
The proposition below (established in [5 ] )  follows 
immediately from the derivations above. It is pre- 
sented in a form that is particularly suitable for 
symbolic computations. We refer the interested 
reader to [5] for additional comments and discus- 
sions. 
Proposition 2. Given J ( z ) , R ( x ) ,  H ( z ) , g ( z ) ,  and 
the desired equilibrium to be stabilized x+ , assume 
and such that the following conditions occurs 
(i) (Integrability) K ( z )  is the gradient of a scalar 
function; that is, 
(ii) (Equilibrium assignment) K ( z ) ,  at z*, verifies 
dH 
K ( z * )  = --(z*). ax 
(iii) (Lyapunov stability) The Jacobian of K ( x ) ,  at 
x*, satisfies the bound 
Under these conditions, the closed-loop system U = 
P(z) will be a port-controlled Hamiltonian system 
with dissipation of the form (20), where Hd(z)  = 
H ( z )  +Ha(%)  and 
-(x) = K(z ) .  
f 3 X  
firthermore, z* will be a (locally) stable equilib- 
rium of the closed loop. It will be asymptotically 
stable if, in addition, the largest invariant set under 
the closed-loop dynamics contained in 
aHd 1 { 2 E R" " B , [ 5 (41 R d ( 2 )  =(") = 0 T 
equals {G}. 
000 
7 Concluding Remarks 
We have given a tutorial presentation of a control 
design approach for physical systems based on en- 
ergy considerations that has been developed by the 
authors of the present article, as well as by some 
other researchers cited in the references, in the last 
few years. The main premise of this approach is 
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that the fundamental concept of energy is lost in 
the signal processing perspective of most modern 
control techniques, hence we present an alternative 
viewpoint which focuses on interconnection. The 
choice of a suitable description of the system is 
essential for this research, thus we have adopted 
port-controlled Hamiltonian models which provide 
a classification of the variables and the equations 
into those associated to phenomenological proper- 
ties and those defining the interconnection struc- 
ture related with the exchanges of energy. 
There are many possible extensions and refine- 
ments to the theory we have presented in this arti- 
cle. Some of these topics, and the lines of research 
we are pursuing to address them, may be found 
in [5]. Central among the various open issues that 
need to be clarified one finds, of course, the solv- 
ability of the PDE (23). Although we have shown 
that the added degrees of freedom (Ja(z) ,Ra(z))  
can help us in its solution, it would be desirable 
to have a better understanding of their effect, that 
would lead to a more systematic procedure in their 
design. For general port-controlled Hamiltonian 
systems this is, we believe, a far-reaching problem. 
Hence, we might want to  study it first for specific 
classes of physically-motivated systems. 
Solving new problems is, of course, the final test 
for the usefulness of a new theory. The existing 
applications of interconnection and damping as- 
signment PBC include mass-balance systems [8], 
electrical motors [9], power systems [lo], magnetic 
levitation systems [ll],  underactuated mechanical 
systems [4], and power converters [12]. Our list of 
references witnesses to  the breadth of application 
of our approach, hence we tend to believe that this 
aspect has been amply covered by our work. 
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